Abstract-The nonlinear (1+1) Sine-Gordon equation that governs the vibrations of the rigid pendula attached to a stretched wire is solved. The equation is discretized and solved by Finite Difference Method with specific initial and boundary conditions. A Crank Nicolson numerical scheme is developed with concepts of stability of the scheme analysed using matrix method. The resulting systems of linear algebraic equations are solved using Mathematica software. The solutions are presented graphically in three dimensions and interpreted. The numerical results obtained indicate that the amplitudes of the rigid pendula attached to a stretched wire vary inversely as the position of the travelling waves produced on the stretched wire. The efficacy of the proposed approach and the results obtained are acceptable and in good agreement with earlier studies on the rigid pendula attached to a stretched wire.
INTRODUCTION

INE-GORDON Equation was
originally considered in the nineteenth century in the course of study of surfaces of constant negative curvatures [Purring & Skyrme, 4] . This equation attracted a lot of attention in 1970s due to the presence of solitons solution.This equation which arises in the study of differential geometry of surfaces with Gaussian curvature, has wide applications in the propagation of fluxon in Josephson Junctions (a junction between two superconductors) [Sirendaoreji & Jiong, 17] ,the motion of rigid pendula attached to a stretched wire [Purring & Skyrme, 4] , solid state physics, nonlinear optics, stability of fluid motions, dislocations in crystals [Purring & Skyrme, 4] and other scientific fields.The Sine-Gordon equation is one of the most important equations of nonlinear physics and describes many physical applications, one of them being periodic pendulum problem. Most of the research on the periodic pendulum suggests that the period of swing depends on length and the local strength of gravity if amplitude is limited to small swings. In an ideal situation, where friction plays no part, an object would continue to oscillate with constant amplitude indefinitely. Objects in the real world do not experience perpetual oscillation; instead, they are subject to damping, or the dissipation of energy, primarily as a result of friction. If damping effect is small, the amplitude will gradually decrease as the object continues to oscillate, until eventually oscillation ceases.
The Sine-Gordon Equation we consider is of the form; sin 0 u u u tt xx    (1) Equation (1) 
Where is the largest position value of the wave considered in this work.In the case of mechanical transmission line, u(x, t) describes amplitude of the wave particles at position and time . A wave is the result of a disturbance moving through a medium such as water, air, or a crowd of people. As the disturbance is transferred from one part of the medium to another, we are able to observe the location of the disturbance as it moves with speed in a particular direction. Any quantitative measurement or feature of the medium which clearly identifies the location and velocity of the disturbance is called a signal. The signal may distort; however, as long as it remains recognizable, it can be used to identify the motion of the disturbance. A wave is any recognizable signal that is transferred from one part of the medium to another with recognizable velocity of propagation. One-dimension waves are represented mathematically by functions of two variables   t x u , , where u represents the value of some quantitative measurement made at every position x in the medium at time [Roger Knobel, 16] . The set up in " Figure 1 " consists of a series of pendula attached to a stretched horizontal wire and hanging vertically on thin strings. Each pendulum is free to swing in a plane perpendicular to a stretched wire. The interactions between adjacent pendula permits a disturbance in one part of the set up to propagate and mechanically transmit a signal along the line of pendula. If a pendulum at one end of the set up is disturbed slightly, the transmitted disturbance results in a small "wavy" motion along a stretched wire.
II. LITERATURE REVIEW
Broad classes of analytical and numerical solution methods have been presented to study the different solutions and physical phenomena related to Sine-Gordon Equation due to its wide applications and important mathematical properties. Wei [21] explored the utility of a discrete singular convolution algorithm for the integration of the Sine-Gordon Equation.
The initial values were chosen close to a homoclinic manifold. The form of Sine-Gordon equation solved is;
A number of new initial values were considered, including a case where the initial value is "exactly" on the homoclinic orbit subject to initial condition values are given as;
The analytical solution obtained representing a breatherkink and ant-kink transition associated with double point in the nonlinear spectrum of Equation (5) is
Minzoni et al., [11] considered evolution lump and ring solutions of Sine-Gordon Equation in two-space dimensions. Approximate equations governing this evolution were derived using a pulse or ring with variable parameters in an averaged Lagrangian for the Sine-Gordon Equation. The Sine-Gordon considered was;
where є is a variable parameter in an averaged Lagrangian. It was shown that the initial conditions for the lump with wavy boundaries for the Sine-Gordon Equation eventually collapsed due to the shedding of angular momentum into dispersive radiation both asymptotically and numerically. Rodolfo R. Rosales [15] derived the nonlinear wave equation (Sine-Gordon Equation) for torsion coupled pendulums using the continuum modelling techniques. Only gravity and torsion forces induced on the axle was considered when the pendulums are not all aligned. The nonlinear wave equation (the "Sine-Gordon Equation"); obtained (for the continuum limit) is     = is the pendulum angular frequency, and = 2 is a wave propagation speed, g the acceration due to gravity, a constant depending on axle material, the distance of attached mass from centre of mass and is the mass density along the rod. He solved the equation using "Pseudo-spectral" Numerical Method and showed that the particle-like solutions obtained preserve their identities and original velocities. Bobenko et al., [1] developed a numerical scheme for solution of the Goursat problem for a class of nonlinear hyperbolic systems with an arbitrary number of independent variables. The results were applied to hyperbolic systems of differential-geometric origin, like the SineGordon Equation describing the surfaces of the constant negative Gaussian curvature (K-surfaces). The construction was illustrated by the well-known Sine-Gordon Equation namely; 
with initial and boundary conditions given by; [18] applied the Modified Variation Iteration Method which was formulated by the elegant coupling of Adomian's polynomials and the correctional functional for solving Sine-Gordon Equations. The standard form of such equations is given by
with initial conditions
A series of solutions of Equation (14) were obtained using various initial and boundary conditions. The method applied a direct way without using linearization, transformation, perturbation, discretization or restrictive assumptions. The solutions given consist of implicit functions without physical interpretation. Nimmo & Schief [13] found superposition principles, linear and nonlinear, associated with the Moutard transformation. For an integrable discrete nonlinear and its associated linear system, it was shown that in a particular form, this system was an integrable discretization. The of a (2+1)-dimensional Sine-Gordon system. The Solutions of discrete nonlinear systems were constructed by means of a discrete analogue of the Moutard transformation. Taking = ℎ and = , for small ℎ and they got; The Split local artificial boundary conditions were obtained by the operator splitting method. Then the original problem was reduced to an initial boundary value problem on a bounded computational domain, which was solved by the FDM. The initial value problem of the twodimensional Sine-Gordon Equation considered is given by the problem;
(18) where u = u(x, y, t) represents the wave displacement at position (x, y) and at time ,
are the initial displacement and velocity respectively, and sin (u) is a nonlinear force term. Soliton solution to the Sine-Gordon Equation (18) was obtained. Lin Jin [10] considered the initial value problem for the Sine-Gordon Equation by using the Homotopy perturbation method. Based upon the Homotopy perturbation method, a small parameter was introduced and Taylor series expansion used to modify the method. The modified method provided a new analytical approach to solve the initial value problem of Equation (17) subject to the initial conditions 
Subject to initial conditions in Equation (21) . He obtained a series of solution with use of various conditions. Macías-Díaz & Jerez-Galiano [8] presented two numerical methods to approximate solutions of systems of dissipative Sine-Gordon Equations that arise in the study of one dimensional, semi-infinite arrays of Josephson junctions coupled through superconducting wires. The schemes for the total energy of such systems in association with the Finite Difference Schemes were used to approximate the solutions. The methods were employed in the estimation of the threshold at which nonlinear supratransmission takes place, in the presence of parameters such as internal and external damping, generalized mass and generalized Josephson current. The Finite Difference Method which is use, was first developed as "the method of squares" by Thom Apelt [19] in the 1920s, and was used to solve nonlinear hydrodynamic 
III. NUMERICAL SCHEME AND STABILITY ANALYSIS
The equation (1) is discretized to come up with CrankNicholson Scheme (CNS)
Crank-Nicholson Scheme (CNS)
In 
This is for
where N is number of divisions along the x-axis
Stability Analysis of Crank Nicolson Scheme
We use also the matrix method to analyze stability of the scheme (23) Expanding this scheme by taking
, we get the system of algebraic equations 
Writing the algebraic equations in matrix form 
Eigen value of = 0 + 2. 
IV. NUMERICAL SOLUTIONS
The numerical solutions for equation (1) are found by developing system of linear algebraic equations and solving their corresponding matrix equations. i=3: 8U 3, 2 -U 4,2 -3U 2,2 = 2U 2,1 +4U 4,1 + 2U 1,1 -4U 3,0 +U 4, 0 -U 2,0 i=4: 8U 4,2 -U 5,2 -3U 3,2 = 2U 3,1 +4U 5,1 +2U 1,1 -U 4,0 +U 5,0 -U 2,0 i=5: 8U 5,2 -U 6,2 -3U 4,2 = 2U 4,1 +4U 6,1 +2U 1,1 -4U 5,0 +U 6,0 -U 4,0 i=6: 8U 6,2 -U 7,2 -3U 5,2 = 2U 5,1 +4U 7,1 +2U 1,1 -4U 6,0 +U 7,0 -U 5,0 i=7: 8U 7,2 -U 8,2 -3U 6,2 = 2U 6,1 +4U 8,1 +2U 1,1 -4U 7,0 +U 8,0 -U 6,0 i=8: 8U 8,2 -U 9,2 -3U 7,2 = 2U 7,1 +4U 9,1 +2U 1,1 -4U 8,0 +U 9,0 -U 7,0 i=9: 8U 9,2 -U 10,2 -3U 8,2 = 2U 8,1 +4U 10,1 +2U 1,1 -4U 9,0 +U 10,0 -U 8,0 i=10: 8U 10,2 -U 11,2 -3U 9,2 = 2U 9,1 +4U 11,1 +2U 1,1 -4U 10,0 +U 11,0 -U 9,0 i=11: 8U 11,2 -U 12,2 -3U 10,2 = 2U 10,1 +4U 12,1 +2U 1,1 -4U 11,0 +U 12,0 -U 10,0 i=12: 8U 12,2 -U 13,2 -3U 11,2 = 2U 11,1 +4U 13,1 +2U 1,1 -4U 12,0 +U 13,0 -U 11,0 i=13: 8U 13,2 -U 14,2 -3U 12,2 = 2U 12,1 +4U 14,1 +2U 1,1 -4U 13,0 +U 14,0 -U 12, 0 This can be written in matrix form as 
Crank Nicolson
                                                                                                                                                      1,U U U U U U U U U U U U U                                           861                                                                              1,U U U U U U U U U U U U U                                           8284
V.
CONCLUSION AND RECOMMENDATIONS
Discussion
From the graphical presentations of the solutions, it can be observed that,  the surface of the plot is not smooth because the differential equation is satisfied only at a selected number of discrete nodes within the region of integration  for a given value of , , decreases to nearly zero as tends to infinity  the smaller the mesh sizes, the more finely the result values for CNS Simple harmonic motion occurs when a particle or object moves back and forth within a stable equilibrium position under the influence of a restoring force proportional to its displacement. In an ideal situation, where friction plays no part, an object would continue to oscillate indefinitely. Objects in the real world do not experience perpetual oscillation; instead, they are subject to damping, or the dissipation of energy, primarily as a result of friction. If damping effect is small, the amplitude will gradually decrease as the object continues to oscillate, until eventually oscillation ceases. Our results from the numerical scheme (CNS) for the two cases are confirming this since the displacement of the wave particles given by ( , ) is decreasing with an increase in position from the source (point of wave disturbance) and increases with increase in time of the wave.
Conclusion
This study focused on nonlinear Sine-Gordon Equation.
A numerical scheme namely Crank Nicolson Schemes was developed and used in this study. It was found out that the scheme is conditionally stable. This conditional stability was restricted to the mesh size ℎ = with the limits on the values of as 0 ≤ ≤ 3.25 for case 1 and 0 ≤ ≤ 2.6 for case 2.
We have managed to come up with the numerical solutions to the Equation (1) under study and the results interpreted with the physical application to the rigid pendula attached to a stretched wire.
